This paper reports the experimental results of parametric amplification applied to a harmonically forced MEMS gyroscope. Parametric amplification of the forced response at resonance in the range 10-100 is investigated. Several important factors pertinent to practical exploitation are highlighted. The main obstacle to high gain parametric amplification is the nonlinearity of the electrostatic force which becomes significant for high amplitude vibration. By significantly reducing the harmonic forcing level to just above the noise threshold, parametric amplification of the resonant response by a factor of 80 has been achieved whilst maintaining linear response characteristics.
Introduction
In recent years parametric excitation and amplification have been investigated for exploitation in resonant MEMS sensors. When the stiffness of the resonator is varied periodically the system is mathematically described by the Mathieu-Hill type of equation and the instability conditions, which result in parametric resonance, have been extensively studied. For a conventional resonator subject to external harmonic forcing, the dynamic gain is limited by the system damping. However, when parametric excitation is included this dynamic gain can be increased indefinitely. This is referred as parametric amplification. It is only recently that the application of parametric excitation to MEMs/NEMs has been investigated [1] [2] [3] [4] .
In this paper the experimental results from a MEMS sensor under high gain parametric amplification are described. The motivation for this work stems from the importance of the Q-factor in resonant sensors. The MEMS device investigated was a micro-ring resonator and has applications as a rate gyroscope. Previous work on this device reported in [3] was restricted to parametric amplification of an order of magnitude. Figure 1 illustrates the MEMS resonator used in the investigation. The resonant structure is a suspended ring of radius a =4 mm, width b =175 µm and thickness d =100 µm. Also shown are the eight electrodes which provide electrostatic actuation and sensing of the required mode of vibration. The device was fabricated from a SOI wafer using DRIE. A key feature of the design is the capacitive gap h o formed between the ring and the electrodes. From SEM measurements the capacitive gap h o is 6.4+/-0.5 µm. Each electrode spans 22.5 o and with the ring forms a nominal capacitance of 0.27 pF. Whilst any in-plane mode may be subjected to parametric amplification using this electrode configuration, in this study attention will be focused on the in-plane flexural mode which has a radial displacement which varies circumferentially as cos(2σ), whereσ defines the angular position of a typical point on the ring relative to the datum line OX shown in figure 1 . This mode is of practical importance in gyroscopic applications. 
Device description and test configuration

Parametric amplification
To quantify the effect of parametric amplification, the parametric gain, Gain, is defined as the ratio of the Mobility magnitude with parametric excitation 'ON' to the Mobility magnitude with parametric excitation 'OFF'.
The stability boundary defines the relationship between the excitation parameters that result in zero net energy dissipation. Therefore, as the parametric excitation voltage approaches the stability boundary value, the Gain for a linear system should approach infinity.
Experimental preliminaries
In this section the experimental results for parametric amplification will be presented for gains in the range 10-100. A schematic diagram of the experimental setup is shown in figure 2 . The MEMS resonator and the sensing circuit were housed in a vacuum chamber where the pressure was maintained at 0.2 1 ± µbar. Electrical characterisation of the system was conducted using a National Instruments LabVIEW based PXI system composing of two NI5412 arbitrary waveform signal generators and two NI5422 digitizers having 12 µV resolution. The harmonic forcing and parametric excitation signals were generated separately before being added via the combiner unit to form the drive voltage ( ) t V d . All signal generation, data acquisition, synchronization, analysis and results recording were implemented within the LabVIEW environment. The DC bias, dc V , was set to 25 V to allow capacitive sensing. The output current from the sense electrode was fed into a transimpedance amplifier whose output was further amplified and filtered before being digitized for analysis. The linear approximation to the equation of motion is only valid when the ring displacement is less than 10% the nominal capacitive gap. As the Gain increases the amplitude of the displacement will also increase proportionally therefore in order to maintain linearity the forcing level must be reduced accordingly. When the
the forcing voltage f V must be considerably reduced from the value of 100 mV used in the low gain experiments reported in [3] . Attenuation of the harmonic forcing signal was performed via a resistor network after the signal generation to avoid distortion and to provide impedance matching between signal generator, digitizer and the MEMs device.
Experimental results for the parametrically amplified resonator: 1<Gain<100
In order to extend the linear response characteristics for the high gain tests the harmonic forcing amplitude V f was set to 0.25 mV. From the tests conducted in [3] it was shown that the threshold voltage for parametric resonance was experimentally determined to be of the order V . Experimental tests were performed with a series of different forcing levels to determine the validity of the linear model and to determine the minimum level of forcing that may be used practically with this experimental setup. Figure 3 shows the experimental results for . This is attributed to the effect of non-linearity limiting the amplitude of the response. Figure 4 shows the results for Figure 6 shows the theoretical results for both the conventional resonator and the parametrically amplified resonator. The relationship between bandwidth and Q-factor is very different for the two cases. For the same Q-factor the bandwidth of the parametric resonator is always larger and the difference in the bandwidth increases with increased Q-factor.
Relationship between bandwidth and Q-factor
Conclusions
High gain parametric amplification in a MEMS resonator has been studied in this paper. Parametric gains of up to 80 have been demonstrated experimentally using electrostatic actuation and sensing. This enabled the harmonic forcing amplitude to be reduced by two orders of magnitude from that used previously for this device [22] . Nonlinearities arising from the detailed nature of capacitive actuation become very important as the vibration amplitude increases. Linear performance and higher gains can be only be achieved by further reducing the harmonic forcing amplitude. For a conventional resonator the bandwidth and Q-factor are inversely related. The introduction of parametric amplification significantly changes this. For the same Q-factor the linear model and the experimental results show that parametric amplification caused an increase in the value of the bandwidth. This has important implications for the parametric amplifier since the dynamic gain extends over a greater frequency range. 
